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Abstract: Markov chain Monte Carlo uses a Markov chain to generate samples approximately drawn from a target distribution. There are several well-known techniques such as
Metropolis–Hastings for building a Markov chain whose limiting distribution equals the
target distribution. In Adaptive Markov chain Monte Carlo, the Markov chain used changes
slightly from step to step, learning from the states of the chain already visited in order to
make the process converge more rapidly to its limiting distribution. While the resulting
process will not be strictly Markovian, as long as the adaptation obeys certain rules, the
process will still converge to the target distribution. With a well-chosen adaptation, this
convergence can be much faster than a basic Markov chain approach.

Monte Carlo methods use random samples from a target distribution in order to estimate quantities of
interest. Often these are used to approximate high-dimensional integrals. That is, given the target integral
value I, a Monte Carlo method must ﬁnd a distribution 𝜋 and function f such that for X ∼ 𝜋,
I=

∫ℝn

g(x) dℝn = 𝔼[f (X)]

For X1 , X2 , X3 , … independent and identically distributed (iid) with distribution X, the sample average
provides an estimate that converges to I as n goes to inﬁnity. That is,
1∑
f (Xi )
n→∞ n
i=1
n

𝔼[f (X)] = lim

(1)

with probability 1. This is the Strong Law of Large Numbers. The rate of convergence can be controlled by
bounding the variance of X.
Often the distribution 𝜋 is very diﬃcult to sample from. In many applications, it is determined by
an unnormalized density. So the target X has density of the form fX (x)∕Z. The value of fX (x) is easy to
compute for any x but Z = ∫ℝn fX (x)dℝn is unknown. Typically Z is #P-complete to compute exactly[1] ,
and so it is unlikely that any eﬃcient method for generating exactly from these types of distributions
exists.
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1 Markov Chain Monte Carlo
To deal with this diﬃculty, Markov chains are often used to approximately draw samples from 𝜋 which are
not independent. In this setting, the approximation method is known as Markov chain Monte Carlo, or
MCMC for short. For simulation purposes, a Markov chain is deﬁned through the use of a parameterized
update function. Such a function 𝜙 takes as input the current state of the chain Xt , a random choice Rt and
a parameter 𝜃t , and returns the next state of the chain. That is,
Xt+1 = 𝜙(Xt , Rt , 𝜃t )
Say that a distribution 𝜋 is stationary for parameter 𝜃t if
Xt ∼ 𝜋 ⇒ 𝜙(Xt , Rt , 𝜃t ) ∼ 𝜋
As long as the 𝜃t values are chosen in a deterministic fashion independently of the Xt values, then the {Xt }
process is a Markov chain.
The ergodic theorem for Markov chains states that under mild conditions (roughly speaking, the chain
must be able to get an arbitrary part of the space eventually with positive probability), Equation (1) will
still hold even though X0 , X1 , X2 , … are no longer independent, but instead form a Markov chain.
Unlike the case of iid samples, in the Markov chain case, there is no generally applicable method for
determining how quickly the sample average converges to the true result. There are, however, heuristics
that can give a guide to designing more eﬀective Markov chains.
For example, suppose that the state space is ℝ, R0 , R1 , … are iid standard normal random variables,
𝜃t = 𝜎 > 0 for all t, and 𝜙(x, r, 𝜃) = x + r𝜃. This is equivalent to saying that the chain takes the current state
and adds a normally distributed random variable with standard deviation 𝜎 to obtain the next state of the
chain.
In this chain, if 𝜎 is large, each step of the chain will be fairly large. On the other hand, if 𝜎 is small, the
chain will take small steps in the state space.
The size of the step becomes important when using a commonly used technique for building a Markov
chain whose stationary distribution is 𝜋. This technique is known as Metropolis–Hastings[2, 3] (MH).
In the MH approach, one Markov chain that does not have stationary distribution 𝜋 is converted into
another Markov chain that does have stationary distribution 𝜋 by using an accept/reject step. Given Xt , Rt
and 𝜃t , use the update function 𝜈 to propose a new possible state Yt+1 . Then Xt+1 is either Xt or Yt+1 . The
chance that it moves to the proposed state is a ratio based on the density of the proposals.
Given random variable R from the random choices distribution, let q(x, ⋅, 𝜃) be the density of the random
variable 𝜈(x, R, 𝜃). Then set
f (y)q(y, x, 𝜃)
𝛼(x, y, 𝜃) = X
fX (x)q(x, y, 𝜃)
MH then works as follows.
1. From current state Xt , randomly propose moving to Yt+1 = 𝜈(Xt , Rt , 𝜃t ).
2. Draw Ut uniform over [0, 1]. If Ut ≤ 𝛼(Xt , Yt+1 , 𝜃t ), then set Xt+1 = Yt+1 . Otherwise, Xt+1 = Xt
Now let us continue our earlier example with Rt ∼ N(0, 1), 𝜃t = 𝜎, and the update is 𝜈(x, r, 𝜎) = x + r𝜎.
Suppose that we wish to create a Markov chain with stationary distribution 𝜋 that is uniform over Ω. Then
fX (s) = 𝟙(s ∈ Ω). Here 𝟙 is the indicator function that is 1 if its argument is true and 0 otherwise. This
makes 𝛼(x, y) = 1 if y ∈ Ω and 𝛼(x, y) = 0 if y ∉ Ω. This means that from Xt the state Yt+1 is proposed. If
Yt+1 falls in the state space Ω, then the state is accepted, otherwise the state is rejected and the process
stays at its current value.
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So for state space Ω, the update becomes
Xt+1 = Xt + Rt 𝜎𝟙(Xt + Rt 𝜎 ∈ Ω)
If 𝜎 is too small, then it will take a large number of steps for the Markov chain to spread out over Ω.
If 𝜎 is too big, then most of the steps will be rejected and the state will spend far too much time staying
at the same value. So there is some goldilocks value for 𝜎 which balances the need to spread out with the
need to have steps that are accepted. By analyzing certain limiting random walks, Roberts and Rosenthal
suggest[4] that an acceptance rate of 23% should be near the goldilocks value.
One approach to ﬁnding the value of 𝜎 that gives this goldilocks acceptance rate is to run the chain for
many diﬀerent values and keep track of how often the chain is accepting. Then restart the entire process,
ﬁxing the parameters 𝜃 for the chain. Because we are restarting, all the theory we have for Markov chain
applies. The result is a Markov chain where Equation (1) holds. Extra properties such as a law of large
numbers and central limit theorem might also hold for this type of oﬄine adaptation[5] .
The disadvantage is that we have wasted all the steps we took in determining 𝜃. In addition, it may be
diﬃcult to decide how many steps to use for adaptation before restarting the chain.

2 Adapting on the Fly
Adaptive Markov chain Monte Carlo (AMCMC) takes a diﬀerent approach. In an AMCMC algorithm, the
value of 𝜃t is not constant, rather, the choice of how far to try to move is made based on the past history of
the chain.
In other words, there exists a choice function f𝜃 such that
𝜃t = f𝜃 (X0 , X1 , X2 , … , Xt )
and then Xt+1 = 𝜙(Xt , Rt , 𝜃t ) as before.
Because Xt+1 depends on 𝜃t which in turn depends on the history X0 , X1 , … , Xt , typically the {Xt } process is no longer a Markov chain. Each step of the chain is typically still stationary with respect to the target
distribution 𝜋, but we are no longer guaranteed that (1) holds.
In Ref. 6, Haario et al. proposed the following adaptive proposal for a chain operating in d dimensional
space. They called their method adaptive Metropolis (AM) The parameter 𝜃t in this case is a covariance
matrix, deﬁned as
{
t ≤ t0
C0
]
𝜃t = (2.4)
2 [
Cov(X0 , … , Xt−1 ) + 𝜖Id t > t0
d
where Id is the d by d identity matrix, 𝜖 > 0 is a small constant chosen by the user and the sample covariance matrix for points X0 , … , Xn ∈ ℝn is deﬁned as
( k
)
T
1 ∑
T
Cov(X0 , … , Xk ) =
X X − (k + 1)X k X k
k i=0 i i
where X k is the sample average given by
1 ∑
X
k + 1 i=0 i
k

Xk =

The proposal distribution is a Gaussian with mean equal to the current state and covariance equal to 𝜃t .
That is, [Yt+1 |Xt , 𝜃t ] ∼ N(Xt , 𝜃t ).
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In Ref. 6, the authors give conditions satisﬁed by their adaptation scheme so that Equation (1) is guaranteed to hold. For general processes, if the adaption is too large or happens too quickly, then the resulting
algorithm might fail to have the sample averages converge to the desired result.
The AM algorithm updates all the components of the state simultaneously. Another algorithm developed
by Haario et al.[7] is the single-component adaptive Metropolis (SCAM).
As the name indicates, in this algorithm, only one dimension of the state is updated as any one time. The
remaining format is similar to AM. Let Xt (i) denote the ith component of the current state.
For a given i ∈ {1, … , d}, the proposal is as follows. Set Yt+1 (j) = Xt (j) for j not equal to i, and then
choose Yt+1 (i) ∼ N(Xt (i), vt (i)), where
{
v0 (i)
t ≤ t0
vt (i) =
(2.4)[Var(X0 , … , Xt−1 ) + 𝜖] t > t0
and Var denotes the population variance estimator
Var(X0 , … , Xt−1 ) = (t − 1)−1

t−1
∑

(Xk (i) − X(i)),

X(i) = (t + 1)−1

k=0

t−1
∑

Xk (i)

k=0

As with the d dimensional update from earlier, the value of vi will converge to the true value of the
variance for that component as t goes to inﬁnity.

3 How to Guarantee Ergodicity
We are interested in convergence, and so we need a means to assess how close the distribution of the current state is to the stationary distribution. To measure the distance between two probability distributions
𝜋 and 𝜈, we will use the total variation distance:
distTV (𝜋, 𝜈) = sup |𝜋(A) − 𝜈(A)|
A

In Ref. 8, it was shown by Roberts and Rosenthal that for Equation (1) to hold it suﬃces for the adaptation
to have two properties: simultaneous uniform ergodicity and diminishing adaptation.
1. Simultaneous Uniform Ergodicity. For all 𝜖 > 0, there exists N a positive integer such that for all states
x and parameters 𝜃, the process started at state x without adaption will have total variation distance
at most 𝜖 from 𝜋 after N steps.
2. Diminishing Adaptation. Let
Dn = sup distTV ([Xt+1 |Xt = x, 𝜃t ], [Xt |Xt−1 = x, 𝜃t−1 ])
states x

measure the amount of adaptation at step n of the process. Then the process has diminishing adaption
if Dn converges to 0 in probability as n → ∞.
Theorem 1. If an adaptive MCMC algorithm over state space  is for any 𝜃t stationary with respect to
𝜋, then if it has the simultaneous uniform ergodicity and diminishing adaptation properties, the process is
ergodic and satisﬁes (1).
The second condition is under the control of the user, since the choice of adaptation procedure is completely user controlled. The ﬁrst condition can be trickier to verify, although there are some easy to verify
conditions that imply it holds.
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For instance, suppose that the number of states and the number of parameters are both ﬁnite, and there
is positive probability from some states of staying at the current state. Then for each parameter value 𝜃,
the chain is ergodic. Then N can be set to be the maximum over 𝜃 of N𝜃 , where N𝜃 is the number of steps
needed for the state indexed by parameter 𝜃 to get close to the stationary distribution.
Note that because MH usually has a positive chance of staying at the current state, the random variable
Xt+1 |Xt , 𝜃t does not typically have a density with respect to some ﬁxed reference measure.
However, the proposed state Yt+1 |Xt , 𝜃t often does have a density with respect to a ﬁxed reference
measure. In Ref. 8, it was shown that as long as the density of Yt+1 |Xt , 𝜃t exists, and is continuous with
respect to some topology where the Cartesian product of the states of the chain and the parameter values
is compact, then simultaneous uniform ergodicity holds.
In particular for the case of Haario et al.[6] , it was assumed that the states of the chain formed a compact
set with respect to Lebesgue measure. In that example, the proposed states were multivariate normal,
which has continuous density with respect to Lebesgue measure. Therefore, the newer result applies to say
that the resulting algorithm satisﬁes (1).

4 Practical AMCMC
One simple way to ensure that simultaneous uniform ergodicity and diminishing adaptation holds is simply
to stop adapting the parameter after a ﬁxed number of time steps. This is a compromise between doing a
total restart of the chain and continuously adapting throughout the run of the chain. This is the method
used in the R package atmcmc[9] .
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